Introduction
The actual trends in new material development impose the necessity of a thorough knowledge of the relationships between properties and microstructure. In order to meet the requirements on the performance of some materials in their applications, that are often very sophisticated, a very fine tuning of the manufacturing process and its parameters is needed. Therefore, it is indispensable to be able to distinguish between small differences in microstructures produced by the different variations of processing parameters. Another important field of material characterization is the description of microstructure heterogeneities. Such heterogeneities are often related to risks of premature damage nucleation and preferential defects (void, cracks, corrosion, etc.) occurrence and propagation. One of the most important elements of the microstructure of metallic materials is the set of second phase particles. Particle size and shape distributions and the type of spatial dispersion (homogeneous, long-range or short range ordered, clustered, etc.) are often the major attributes of a particular microstructure (Humphreys & Hatherly, 2004; Polmear, 2006) . Thin foils made from aluminium-manganese based alloys, such as AA3003, are the material most frequently used as fins in automotive heat exchangers (Hirsch, 2006) . This application imposes very strict requirements on properties and related foil microstructures. The development of an appropriate production technology is contingent on the perfect knowledge of the impact of processing parameters on microstructure transformation, including the changes of the set of particles (Hirsch, 2006; Slámová et al., 2006) . In statistical setting, we deal with microstructures containing random objects in a space or plane, which may be second phase particles, pores, grains and their sections or projections. The question frequently asked is whether two microstructures come from a material with the same geometrical characteristics of microstructure. This statement forms a null hypothesis H 0 and the aim is to develop a statistical two-sample test of H 0 against an alternative hypothesis that the geometrical characteristics are different. In the literature, parametric models of microstructures as random sets are mostly used (Derr & Ji, 2000; Ohser & Mücklich, 2000) and the authors recommend Monte Carlo testing which is based on the possibility of simulating a random set under the null hypothesis. The evaluation of the test is based on a comparison of the test statistics (describing some characteristics (Tewari & Gokhale, 2006a; b) of the random set) obtained from simulated models with that obtained from the microstructure. In the present paper, we apply a nonparametric approach. We will consider some geometrical characteristics, which can be measured by means of image analysis or estimated from the observation in a window. Thus, we obtain a vector (typically of a large dimension) of data, which does not form a random sample since the vector components may be stochastically dependent. For statistical testing, such a dependency is a serious problem. For the data from a single window, such a problem should be considered (Kupczyk, 2006) . Under the assumption that we can observe the microstructure in a few independent windows, we put all the data from the individual windows and observations within windows together. This global information for both sets can be compared using N-distances from probability theory, see (Klebanov, 2005) . The same holds in the functional data approach, where data is first transformed to a function. When the number of independent windows is large, the test of H 0 can be transformed into a univariate distribution-free two-sample test. For a smaller number of measurements, the permutation test for H 0 based on N-distances can be used. In the paper, we consider microstructures with dispersed particles. A statistical method is developed independently of whether we deal with 2D or 3D data. Therefore, in the application presented from metallography, we will call the feature particles, which in fact are 2D particle sections. We distinguish two basic sets of particle characteristics, namely the individual particle geometry and the spatial distribution of particles. Even if these are rather different descriptive tools, we try to construct the test so that it can be applied to both of them in an analogous way. We describe a variety of methods in Section 2 including also a functional data analysis. In the applied part of the paper in Section 3, we present data from thin foils demonstrating the use of the test for a comparison of metallographic samples of aluminium alloys, observed by means of optical microscopy. The numerical results are in Section 4. Finally, in Section 5 we present a general discussion of the methods and interpretations of results. The theoretical statistical background is given in the Appendix.
Methods
Several statistical methods for the testing of differences between microstructures containing particles are suggested in this Section. In Subsections 2.1 and 2.2 we describe particle systems by a vector of parameters and the testing is reduced to a test of the null hypothesis that the vector of these random parameters has the same distribution for two random sets A and B. In Subsection 2.3 the functional data approach is used, we compare functions which fit the observed data. Finally in Subsection 2.4 a simulation study concerning the power of the test based on N-distances is performed in order to see its behavior with respect to different alternative hypotheses.
Vector approach -individual particle parameters
Here we describe method (I). Generally the individual particles observed in a window (metallographic sample) are not independent. We will assume that n windows of the same size and magnification are observed for two microstructures A and B.L e t t h e w i n d o w s be each sufficiently far from the other or taken from independent samples so that we can assume independence among windows. We measure the same number k of particles from each window. In our application, the image analyzer scans particles in a window in a meandering way so that we obtain a representative set of particles by taking the first k particles measured from each window. Assume that m geometrical parameters are measured for each particle (corresponding to microstructures A, B). Two independent samples X 1 ,...,X n from A and x =( x 1,1 ,...,x k,1 , x 1,2 ,...,x k,2 ,...,x 1,m ,...,x k,m ),( 1 ) y =( y 1,1 ,...,y k,1 , y 1,2 ,...,y k,2 ,...,y 1,m ,...,y k,m ), and evaluate an empirical counterpart of the N-distance (11):
where e.g.
is the Euclidean distance between vectors s, t, which is a strongly negative definite kernel, cf. Appendix. Fig. 1 . Histogram of N-distances from 5000 random permutations (m = 1, k = 500, n = 20). The value 0.697 corresponds to the non-permuted case and the p-value is the probability (relative frequency) of N-distance being larger than this value.
We describe the permutation test (Lehmann & Romano, 2005) of the null hypothesis in more detail, which is used when n is small. Consider K random permutations of 1, . . . , 2n. Apply each permutation to long vector (x 1 ,...,x n ,ỹ 1 ,...,ỹ n ), and then split the permuted set to the first n and last n vectors and evaluate (2) to obtain K empirical N-distances (K is recommended to be about 1000). Under the null hypothesis, permutations do not modify the distribution of the random variable N. From the histogram of these distances including the non-permuted case, we obtain the p-value for the test, which is the probability (under the validity of the null hypothesis) that the random N-distance is larger than its measured value. A typical example of the test is in Fig. 1 We recommend also a simpler test in which the samples are split randomly into three sub samplesx,x ′ ,x ′′ (ỹ,ỹ ′ ,ỹ ′′ ), respectively, of size n/3 (assuming it is an integer). Then put (12)
..,n/3. The null hypothesis is now equivalent to the hypothesis that U i , V i come from the same distribution, which can be tested by an arbitrary univariate two-sample test, e.g. a Kolmogorov-Smirnov test (using STATS package in R language, (Ihaka & Gentleman, 1996) ), whose statistic has the form
where H U n (x) and H V n (x) are empirical distribution functions of U 1 ,...,U n and V 1 ,...,V n correspondingly.
For small values of n,i . e . n < 120, however, the loss of information when splitting the files to a size n/3 leads to the situation where the use of the asymptotic statistics for the Kolmogorov-Smirnov test is not recommended (Buening & Trenkler, 1978, p.135) . The test based on splitting is distribution-free (independent of the underlying distribution of observations), but it has smaller power than the permutation test, see (Klebanov, 2005) . Namely, based on simulated samples from multivariate normal distributions and location alternative, it was shown that splitting test has about the same power as permutation test, but based on three times smaller sample size. For the one-dimensional case and the samples from normal distribution and location alternatives, the permutation N-test has the power very closed to optimal t-test. However, for the samples from the mixture of normal distribution N-test may be more powerful than t-test. In all situations permutation N-test is more powerful than Kolmogorov-Smirnov test.
Vector approach -the spatial distribution of particles
Here we do not evaluate the measurement directly but first the measured information is transformed. To test the difference in spatial distribution of particles we use m mutual characteristics of particle centroids, among them: a) a distribution function of the nearest neighbour distance (G-function) (Tewari & Gokhale, 2006b ),
c) a pair correlation function (pc f ) (Ohser & Mücklich, 2000) .
Concerning the spatial distribution, we distinguish complete independence (CI), attraction (clustering) and repulsion (regularity). Functions F and G coincide when CI takes place, for clustered patterns graph G is to the left of F while for regular patterns F is to the left from G. These are distance characteristics while pc f is a second-order characteristic, being identically equal to 1 under CI. Peaks of pc f correspond to typical distances between pairs of points. The edge-corrected estimators of these functions (Kaplan-Meier estimators for F, G, Ripley's estimator for pc f , using SPATSTAT package in R language) are obtained. We do the estimation in each of n windows for both microstructures A, B. From the estimated curves we construct
..,k,w h e r e△ > 0i sag i v e n step and k△ the range considered. Choosing m of these three characteristics we construct 2n vectors of size km, cf. (2). If the number of independent windows n is smaller than 120, we evaluate N in (2). Using K random permutations of these 2n vectors we perform the permutation test of H 0 : microstructures A, B have the same distribution of characteristics involved, exactly as in the method (I) above.
If n > 120, we evaluate (5) and use the Kolmogorov-Smirnov test. The tests are not much dependent on △ if it is small. All this is called method (II). The characteristics of the spatial distribution are dependent of the intensity λ A , λ B of particle centroids of microstructures A, B, respectively. The intensity is the mean number of particle centroids per unit volume and it is estimated as
where |W| is the size of the window and n A , n B are the corresponding numbers of particle centroids observed in the window. Clearly, microstructures with different intensities have different nearest neighbour distances, etc. Consider the problem of an investigation of the difference between A and B purely in the spatial distribution independently of the different intensities. For the case n A = n B , we can scale the image window B by √ n B /n A .T h i s transformation leads to the same estimated density of particles of A and transformed B (in windows of different size). Then we evaluate functions F, G, pc f and continue by testing based on N-distances as above, this is our method (III). Consider finally the problem of testing the difference in the density of particles. Here we need a parametric model and we restrict it to a point process model with no interactions (Poisson process). Under the assumption that both microstructures can be modeled by a stationary Poisson process, there is a theoretical test of the hypothesis: H 0 : λ A = λ B . We reject H 0 at a confidence level α, if the statistics:
(see (Ng et al, 2007) ), where for 0 < a < 1, u a denotes the a-quantile of the standard Gaussian distribution.
Functional data approach
In Subsection 2.2 we dealt in fact with functions (F, G, pc f ) which describe the spatial distribution of particles. Since in the computer we have always discrete data, i.e. a finite number of the values of a function, typically at equidistant argument points, we used the vector analysis for testing the null hypothesis by means of N-distances. However, within this theory it is also possible to deal with functions, this approach belongs to the field of statistical analysis of functional data.
In the functional data approach we used the Bernstein polynomials (Korovkin, 2001) as a suitable approximation for corresponding functions F, G, pc f . Let us remind that the Bernstein polynomial of the degree n for the function f (x) is defined as
The test for the null hypothesis is constructed by means of N-distances, with the strongly negative definite kernel L for two functions f (x) and
In this case the empirical analog on N-distance is defined as
. ( 6 ) Here F A j and F B j are the Bernstein polynomials for the function F (correspondingly, G or pc f ), constructed for the jth window of microstructures A and B. To compare the microstructure A with microstructure B we use permutation test, that is we combine the functions F A j and F B j in one long vector of functions, make a random permutation, and after that we split the vector into two parts, calculating after that N-distance between corresponding parts. The described operation has to be repeated many times, which is possible thanks to fast computers. This ends our method (IV). Further, using the functional data approach, we suggest a new comparison technique, qualitatively different from the previous ones. Suppose again we have two microstructures (A and B), observed in M windows. Denote by n j the number of particles in j-th window from microstructure A, and by k j the corresponding number from B. Corresponding coordinates of particle centroids are denoted by (X (j) , V (j) k j )) for jth window from B (j = 1,2,...,M). Method (V) is based on a smoothing procedure in each window by convolving a discrete two-dimensional distribution concentrated in particle centroids with two-dimensional Gaussian distribution with zero mean vector and standard deviations σ j (A)=1/ 4 √ n j and
for A, and
for B. Without loss of generality, we may suppose that the window is a unit square:
In this case the empirical analog on N-distance (6) is used with µ i , ν j as arguments of L.
To compare the microstructures A and B we use again the permutation test, that is we combine the functions µ j and ν j in one long vector, make a random permutation, and after that we split the vector into two parts, calculating after that N-distance between corresponding parts. The described operation has to be repeated many times. It is possible to study a more general situation. Namely, we need not consider only coordinates (X, Y) of the particle centroids, but also individual characteristics of the particles. Then, we will have instead of two-dimensional vector (X, Y) the vectors of higher dimensionality, and instead of the functions µ and ν depending on two arguments we will have corresponding functions depending on three or more arguments. Theoretically, it is possible to consider an arbitrary number of characteristics of the particles, but the calculations for more than three arguments are very time consuming. Therefore, as the method (VI), we consider the case of three arguments, and as an example the case of three parameters: two coordinates of the particle centroid and the area of the particle (section). Again, we have two microstructures (A and B), observed in M windows. Denote by n j the number of particles in j-th window from microstructure A, and by k j the corresponding number from the microstructure B. Corresponding coordinates of particle centroids and their areas are now denoted by (X (j)
n j ) for j-th window from A, and
) for j-th window from B (j = 1,2,...,M). We make a smoothing procedure in each window by convolving a discrete three-dimensional distribution concentrated in particle centroids and their areas with three-dimensional Gaussian distribution with zero mean vector and standard deviations σ j (A)=1/ 4 √ n j and
for B.
Without loss of generality, we may suppose that the window is a unit cube:
Define strongly negative definite kernel L for two functions f (x, y, z) and g(x, y, z) given on Q as
Then again the empirical analog on N-distance (6) is used with µ i , ν j as arguments of L. Further, we apply the same testing procedure as for two-dimensional case, described above.
The power of the test
In order to understand and describe the properties of the suggested testing based on N-distances, it is necessary to study the power of the tests, which quantifies the probability of a correct rejection of H 0 . It is possible to do this by means of simulations of special cases. For the use of Kolmogorov-Smirnov test for comparison of U, V in (12) a study of the power is presented in (Klebanov, 2005) . We present here another study of the power of our test when using permutation testing in the vector approach. Consider a k−dimensional Gaussian distribution with mean (µ,...,µ), and variance matrix terms
This distribution can be simulated as
where Z, Y 1 ,...,Y k are independent identically distributed standard Gaussian random variables. Two independent random samples of size n, with parameters (µ 1 , σ 1 , ρ 1 ),(µ 2 , σ 2 , ρ 2 ), respectively are compared with null hypothesis of equal distributions and alternatives of (i) location: µ 1 = µ 2 .
(ii) scale: σ 1 = σ 2 .
(iii) correlation: ρ 1 = ρ 2 . Numerical results of the simulation and testing are in Fig. 2 , where it is µ 1 = 0, µ 2 horizontal axis (upper left); σ 1 = 1, σ 2 horizontal axis (upper right); ρ 1 = 0, ρ 2 horizontal axis (lower left); ρ 1 = 0.5, ρ 2 horizontal axis (lower right). The number of windows is n =20, k =100 grains, 100 permutations, averaged over 1000 simulations. In the lower right graph the number of windows is 40. The parameters not involved in the alternative are
We can observe that for the location alternative the power function increases more rapidly than for the scale and correlation alternatives. For both location and scale alternatives the power function increases more rapidly than for the correlation alternatives.
Materials
Further we present an application of suggested statistical methods. A Czech company AL INVEST Břidličná, a.s. provided five Al-Mn alloys denoted A, C, L, P, Z, the composition of which is in Table 1 . The alloys with high manganese contents are A, C, L, P, high silicon contents have A, C and L, they differ in the zinc contents present in C and not present in A, L. Considering the high solubility of Zn in Al, all Zn is dissolved in aluminium matrix. Therefore, Zn does not participate in second-phase particles and its presence in alloy C does not affect its particle volume fraction and size distribution. Alloys P and Z have lower silicon contents, P has lower copper contents while Z has lower manganese contents. The most important factor influencing particles volume fraction and size distribution in the set of alloys considered is the content of silicon. Coarse particles are mostly primary, undissolved particles of α-Al 12 (Mn, Metallographic samples after grinding and polishing were observed by optical microscopy, see Fig. 3 , where the vertical size of the window corresponds to the total thickness of the foil. Twenty windows along the foil, see 
Numerical results
The preliminary analysis concerns the mean size of particle sections and their density, see Tables 2, 3 , apparently A, C, L differ from P and Z, see also Fig.5 . For the testing, since the number of windows n = 20 is small, we use the permutation test described in Section 2. The results of method (I) are in Table 4 . The microstructures do not differ in the shape factor of particles. Concerning the particles size we observe again two separated groups {A, C, L} and {P, Z} (according to silicon contents). Between them there is a significant difference, while within the groups this is not the case. Nevertheless in Table 4 we observe a difference in pairs A − L, P − Z, while we cannot reject the null hypothesis in pairs
For the methods (II)-(IV) of the spatial distribution of particle section centroids first the F, G and pc f functions were estimated. The estimators of functions F, G and pc f for all windows of material P are presented in Fig. 6 , i.e. in each figure a), b), c) there are 20 graphs. We observe a small variability of the estimators. Let us note that there is a similarly small variability of these estimators in all other materials. In Fig. 7 Table 3 . The mean number of observed particle sections and their standard deviation in one window (evaluated from all 20 windows).
20 windows) of the functions F, G and pc f evaluated for all materials. We obtain the results that for the material L, A, C these are greatly different from the results for materials P and Z. The estimators of pc f of materials P and Z are practically the same and the differences of Table 4 . The p-values for two-sample tests of individual particle parameters (method I) evaluated for all m = 3 parameters together (the column All) and then for single parameters (m = 1) with n = 20, k = 500 and with the number of permutations equal to 5000. estimators of the functions F and G are small, while the corresponding functions of materials L, A, C are shifted to the left. This is caused mostly by the different particle density The results for method (II) of the two-sample tests for the spatial distribution in Table 5 lead to the interpretation that there are significant differences in spatial distribution between any materials of different groups {A, C, L} and {P, Z}. It is interesting to observe what happens within the groups. We can see that while distribution functions F, G still yield differences, the pair correlation function does not reveal any. Only the pair C − A which has the most close contents of silicon, does not reveal any difference in any characteristics. C-L < 0.001 < 0.001 < 0.001 0.584 C-P,C-Z < 0.001 < 0.001 < 0.001 < 0.001 L-P,L-Z < 0.001 < 0.001 < 0.001 < 0.001 P-Z < 0.001 < 0.001 < 0.001 0.545 Table 5 . The p-values for two-sample tests of the spatial distribution (method II) evaluated for all three parameters together (m = 3, column All) and then for single parameters (m = 1) with n = 20, k = 11, △ = 1 µm and with the number of permutations equal to 5000.
Let us analyze the number of particles for the microstructures P and Z, we can test the difference between n P = 13866, n Z = 11945 from all 20 windows, thus in (5) we have T = 12 > 1.96 and we reject an H 0 of equal particle density at the significance level α = 0.05.
Here the Poisson process model assumption is violated, as suggested by the shape of pc f in Fig. 6 we have a type of a regular model, i.e. mild repulsion since there are nonoverlapping particles around the centroids. Clearly, if we reject the null hypothesis λ P = λ Z for the Poisson process model using (5), we reject it for the regular model too, since it is less dispersed, i.e. the numbers of particles observed in windows vary more slowly. Further a finer analysis of the spatial distribution of particles is applied using method (III). If we eliminate the effect of particle density on the spatial distribution by means of the scale change as suggested in Section 2, the results change as presented in Table 6 . The pure effect of the spatial distribution of particle centroids is such that there is no significant difference between materials P − Z, A − C. But this is moreover the case also for individual functions F Table 6 . The p-values for two-sample tests of the spatial distribution (with the effect of particle density eliminated, method III). Evaluation for all three parameters together (first column) and then for single parameters (m = 1) was obtained with n = 20, k = 11, △ = 1 µm and with the number of permutations equal to 5000.
. That means some differences between two groups are removed. Finally we present results of two-sample tests when using the functional data approach in Subsection 2.3. First for the comparison based on functions F, G, pc f we use the versions with scale change to eliminate the effect of particle density. Similar results as in Table 6 are expected using this method (IV), see Table 7 . Even if individual p−values in both tables differ, the decisions about H 0 are almost completely the same. Table 7 . The p-values for two-sample tests of the spatial distribution (with the effect of particle density eliminated), using the functional data approach, method (IV). Evaluation was obtained with the number of permutations equal to 100.
Further the tests based on multidimensional smoothing of particle characteristics are applied, which are qualitatively different methods. They are not sensitive to the particle density, on the other hand it may reveal local inhomogeneities and differences. First we give the results of comparison by method (V), that is corresponding p−values of the test based on N-distances of functions (7), (8), for different pairs of microstructures in terms of the particle centroid coordinates only, see Table 8 . In many cases, but not in all, the results are similar to those in Tables 6, 7 (spatial distribution only A-L A-P P-Z < 0.01 < 0.01 < 0.01 Table 9 . The p-values of N-test for the comparisons based on coordinates and areas of the particles in the functional data approach, method (VI).
Finally a simultaneous analysis of spatial distribution and an individual particle parameter (area of the section) was performed using the functional data approach, method (VI). The results of the comparison are given in Table 9 . We do not consider all pairs of microstructures since for those of different groups (different silicon contents) the particle areas surely cause the rejection of null-hypothesis. As we can see from Table 9 , this is the case also in other pairs. (7), (8) taken from all 20 windows, microstructure A-C, A-Z.
Concluding remarks
This chapter brings an extension and continuation of research started in (Benes et al., 2009) . New statistical methods are developed for the comparison of microstructural images of random objects in metallography and other applications. They are based on an appropriate interaction of approaches from mathematical statistics, image analysis and stochastic geometry. A proper two-sample test derived from N-distances enables one to evaluate a large amount of information from a few observed windows. The tests presented are easy to apply to metallographic images observed by light microscopy and image analysis.
In comparison with the above mentioned paper here we suggest further methods based on functional data analysis and we analyze a broader set of foils from aluminium-manganese based alloys. The first group of methods based on vectors of characteristics obtained from image analysis measurements and further transformation of data is well-established and the results easily understandable. From the practical point-of-view, it should be mentioned that N-distances are scale dependent, so that when evaluating qualitatively different information simultaneously (m > 1) one has to choose the scale carefully to be comparable for all parameters. This is guaranteed in the analysis of spatial distribution since all three functions used fall within a similar range. In the analysis of particle characteristics the size scale has to be modified comparably to the range of the shape factor. We conclude that mostly recommended methods are (I) and (IV) (or (III)).
On the other hand the newly proposed methods (V) and (VI) based on multidimensional functional data analysis need further investigations to be able to claim their usefulness.
In comparison with method (I) they are able to evaluate different numbers of particles in windows. Theoretically, they are independent on the dimensionality, and therefore they are of great potential use in multidimensional statistical analysis. At first sight corresponding tests seem to be strict and sensitive to both local differences in spatial distribution and in particle characteristics. One must be very careful when interpreting the results of a functional data analysis. It should be also added that functional data analysis combined with permutation testing is more time-consuming (especially in the multivariate case), but feasible when using fast computers, and, especially, clusters. Some of results obtained by classical and functional data analysis may seem to be contradictory, but this is not the case, the reason is that various methods for comparison of spatial distribution are different in their nature. We may consider pairs of microstructures A-C and A-Z. The functional data method using functions µ, ν in (7),(8) rejects the null hypothesis for A-C and does not reject it for A-Z. This conclusion is related to Fig. 8 , where we can see the average values of the difference µ j − ν j taken from all 20 windows, where the range is two times smaller for A-Z than for A-C. The same observation holds for individual windows, too. We investigated also the sensitivity of method (V) with respect to the choice of bandwidth σ j .
In the top row of p−values in Table 8 there is the asymptotically optimal bandwidth by theory. One can observe how the p−value slightly changes with a broader bandwidth in bottom row, but there is no evidence of a systematic change. It is possible to study statistical properties of the tests by simulations. Concerning the resolution of the test, the power of the variants of the test based on N-distances was compared in (Klebanov, 2005) . Besides our study in Subsection 2.4, in paper (Bakshaev, 2008 ) a large comparative study of the power of several two-sample tests (Kolmogorov-Smirnov, Cramer-von Mises, Anderson-Darling, Wilcoxon, Mann-Whitney, N-distances) was made. It appears that for a multidimensional case the test based on N-distances has the highest power. The results of the application of the two-sample test in metallography can be transformed from conclusions about the geometry of the microstructure to conclusions relevant materials research. Since the production of all three materials was based on the same processing, the only difference is in the chemical composition of the alloys. Therefore, we can conclude that a differentiation for high and low silicon contents is apparent, while small differences in composition within different groups {A, C, L} and {P, Z} do not have a clearly apparent impact on the microstructure. We can observe that while P and Z have different particle densities, they do not differ in particle size and shape, nor in the pure spatial distribution (interactions). 
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Appendix
Here we give a mathematical background of N-distances and related statistical testing. This background comes from (Klebanov, 2005) . Let {X, A} be a measurable space, L :
for an arbitrary probability measure Q on {X, A} and a measurable function h on X such that
We say that L is strongly negative definite if the equality in (9) implies h = 0 almost surely with respect to the measure Q. Let L be a strongly negative definite kernel on X, B L the set of all probabilities µ on {X, A} for which there exists the integral X X L(x, y)dµ(x)dµ(y) < ∞. (11) is a distance on B L , it is called N-distance. We will use N-distances in the following using two approaches. First in classical data analysis when X = IR k is the Euclidean space of k−dimensional vectors. Secondly in functional data analysis where X = L 2 is the space of square integrable functions. Let L(x, y) be a strongly negative definite kernel on IR k , X, Y are two independent random vectors in IR k , define one-dimensional independent random variables U, V by In the recent decade a quantum leap has been made in production of aluminum alloys and new techniques of casting, forming, welding and surface modification have been evolved to improve the structural integrity of aluminum alloys. This book covers the essential need for the industrial and academic communities for update information. It would also be useful for entrepreneurs technocrats and all those interested in the production and the application of aluminum alloys and strategic structures. It would also help the instructors at senior and graduate level to support their text.
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